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:NTRODUCTION

Classical Runge-Kutta methods

For the numerical solution of Volterra integral equations of the second

X
) f(x) = g(x) + f K(x,y,£(y))dy, x 20,
0

shall consider Runge-Kutta methods of the form

m

(i) =~ (£)
£, = F,(x +6,h) +h Kzl a, pK(x +d, ph,x +cph,£ "),
)a) “ i=1(1)m, n=20,1,...
_ (m) _ _
fn+1 - fn+1’ em = %n " 1

2 X = nh and fn is a numerical approximation to f(xn). The function

¢) is a discretization of

*n
F o(x) :=g(x) + J K(x,y,£(y))dy,

o]
tned by
’b) Fn(x) = g(x) +h E % wég)K(x,x;K),féz)), n=0,

j=0 £=1

ce xfz) denotes the point xj_1+-c£h, and where wég) are suitable quadra-
> weights with wég) =0, £ =1(1)m (i.e. %O(x) = g(x)). We define fém) =
) = g(0), and adopt the convention that w(g) =0 for £ =1,2,...,m~1, so
t the terms involving the undefined values féi),...,fém_l) (which we carry

ag only for notational convenience) vanish in (1.2b).

We shall refer to (1.2a) as the forward (Runge-Kutta) step and to (1.2b)
the lag term.

The Runge-Kutta parameters Gi, a; pr diK and cp are determined by accu-

; conditions (cf. [8] and the references therein; see also [13], where a




te general class of methods with Cp replaced by Cip is treated).

Depending on the choice of the parameters in the forward step two impozr:
1t classes of methods can be distinguished: the choice diﬂ = ci, ei = ci
:1ds methods of Pouzet type whereas for diZ = dp, ei = c; we obtain methods
Bel'tyukov type (see [7] and [4]). In our analysis we consider the gen-—

11 methods defined by (1.2a) and some suitable lag term of the form (1.2b).

A division into subclasses can be given depending on the choice of the
i drature weights in the lag term (1.2b). Here, we give three important

i1sses considered in the literature:

n m
~ @)
.3a) F (x) =g(x) +h 2 2 a Kix,x., ",£.77),
n =1 £=1 ml j j
n m
~ ~' &) )
3b) F (x) =g(x) +h )y Y a ,K(x,x.  ,£.7),
n jo1 g=1 ™ b
- n
.3¢c) Fn(x) = g(x) + h jzo wan(x,xj,fj).

: choice (1.3a) can be used in combination with a forward step of Pouzet-
e, and then yields an extended Pouzet method. Note that the quadrature
.ghts in the lag term (1.3a) are the Runge-Kutta parameters ane of the
ward step. As a consequence of this connection, extended Pouzet methods

re the property that

4) fn = Fn(xn).

contrast to extended methods, lag terms of the form (1.3b) or (1.3c¢) (in

ch the quadrature weights have no relation to the forward step) yield the

-called mixed Runge-Kutta methods. Note that for (1.3b) the lag term uses
(£)

ermediate approximations fj  Whereas for (1.3c) only wvalues fj (i.e.

roximations at the step points xj = jh) are used.

. Modified Runge-Kutta methods

This paper is primarily concerned with the stability behaviour of the
hods (1.2a-Db). In our analysis we follow the approach based on some test

ation as a model problem, e.g. the basic test equation [1,6]




X
f(x) = g(x) + A [ f(y)dy.
0

in be shown (cf. (3.4)) that such an analysis leads to recfirrence rela-

; of the form
) fn+1 = R(h}\)In + inhomogeneous term,
2 En = En(x)-—g(x) is independent of x, and where R(hA) is a rational

:ion of hA whose coefficients are functions of the Runge-Kutta parameter:
:xtended Pouzet methods we have, using (1.4), fn+1 = R(h)\)fn + inh. term
1 is the recurrence relation of a Runge-Kutta method for ODEs. For mixed
xds En # fn-gn, and the stability behaviour is influenced by the lag

In order to eliminate the effect of the lag term, VAN DER HOUWEN [13,
roposed a modification of the scheme (1.2a-b) by replacing En(x) with

defined as

F(x) = F_(x) +y(x) (£ -F_(x)),

 v(x +-eih)

N Yy € [0,1]. The form (1.7) is motivated by the fact that

1, the relation (1.6) changes to fn = R(hl)fn + inh. term, ir-

:ctive of the choice of the lag term. An a;éitional advantage of the
1lation (1.7) is that for Runge-Kutta methods where one or more of the
vanish, the chszéé_Y?;h) = 1 and Y(x) = 0 for x #<;n yigid; Runge—Kutta
>ds in which it is not necessary to evaluate the lag term Fn(x) at X=x_.
irst examples of such methods can be found in BEL'TYUKOV [7] (see also
and [1]). In the latter reference this type of methHods was termed
»mized versions of the Runge-Kutta method. Note that y(x) = 0 yields the
jified method (1.2a-b). Observe that fn-fg(xn) in (1.7) can be regarded
residual which measures the amount by which fn fails to equal Fn(an
2fore y(x)(fn—Fn(xn)) is called a (weighted) residual correction to

In this paper we use the terminology given in definitions 1.1 and 1.2.

JITION 1.1. A method based on (l1.2a) with the (unmodified) lag term

defined by (1.2b) is an unmodified (or classical, standard) Runge-




tta method.

FINITION 1.2. A method based on (1.2a) with the lag term F (x) replaced by

e (modified) lag term F (x) given in (1.7) is a (y—)modlfled Runge-Kutta
thod.

In Section 3, we present the stability analysis of the modified Runge-
tta methods described above, with respect to a convolution test equation
guation (3.1)), and in Section 4 stability results are given both for the
sic test equation and this convolution equation.

Firstly, however, the effect of the modification (1.7) on the rate of
nvergence is investigated in Section 2. It turns out that the provable
der of accuracy may be reduced by 1 if ym = 1; this is the price paid for

improved stability behaviour.

This paper is developed from the institute report [14]; it contains a
re general convergence result and stability theorems for the basic test
uvation. We also derive the stability polynomials for a larger class of

adrature rules (cf. Section 3.3.2).

CONVERGENCE

In this section we prove the convergence of the Runge-Kutta methods

.2a) modified according to (1.7). In the convergence proof we need the
(1)
n+l
(1.2a-Db), (1.7) if we substitute f(x ) for f and F (x) for F (x) (which

cal error of the numerical method: let £ (i =1,...,m) be the solution

slies that E:(x) = Fn(x)); then we define the local error T( )(h)
+ cih by

(i) .\ _a(d)
.1) Tn (h) := f(xnﬁ-cih) fn+1'

rthermore, we define the global error eiia
(i)
-2) e 41 = lf(x +c, h)—f

> quadrature error E,(x,h) for the interval [0,x,]




X

n
i n m
3 E_(x,h) := '[ K(x,y,£(y))day -h )} 7§ w(g)K(x,xgﬂ),f(xfz)))
=0 £=1 ™ J ]
0 J
the function Dn(x,h)
IO if x = xn

Dn (X,h) = 1
(En(X,h)—En(Xn,h))/(x—xn) if x # X -

-> >
In the convergence theorem we shall need the vectors e and Tn(h)

L) wy . At

ie components are respectively given by e 11 and Tn (h), where £ runs

yugh the set of integers L defined by

L =1{1,2,...,mN\{L Iwég) = 0 for all n and j}.

yther words, if £ ¢ L then, for all j, the values f;z)

are not used in
lag term. For mixed RK methods of the form (1.3c), L = {m}, whereas for

->
inded Pouzet methods L = {KI a e # 0}. For a vector v with components

; £ € L we define the maximum norm I I
k) ||3||0° := max ‘V(K)I.
Lel

We shall also use the following lemmas.

(o]

1A 2.1. Let the sequence {En}n=0 (en > 0) satisfy the inequality

n
€41 ~ C48n < O, '2 8 + M
j=0
re Mj and 6j and the constants C1 and C2 are non-negative. Then
C?+1—1 v n+1 CT+1—1
€ 41 < C2 —E;:T— jzo 6j + C1 €y + —E;:T_ ?Zz Mj

i by Cl and take the summation for

JF. Multiply the inequality for sn 1

+1-
0 to n. g

1A 2.2. Let the sequence {En}z=0 (en > 0) satisfy the inequality




n

<
En+1 < hC3 jzo Ej + C4I

ere C3 and C4 are non-negative constants. Then, for h sufficiently

d (n+1)h = x,

< (hC3€ +-C4)exp(C3x).

En+t 0

JOF. See e.g. BAKER [4, p. 926]. a
We now state the convergence theorem

EOREM 2.1. Let the function K(x,y,f) satisfy the Lipschitz conditi
* *
IK(XIYIf) - aK(xnIYIf) - K(XIYIf ) + U.K(Xn,y,f )I
*
< L{l—a+a|x—xn|}|f—f [,

:re L is a constant and o € [0,1]. Then as h -+ 0, while (n+1)h rem:

ted,

N thj(xj+Gih,h)|
5) fe I <2 maximm {|E, (x.+6.h,h)], b+

n+l o« j<n, 1<i<m j i 1—ym + Ch

N ™ (|
+ B gix {HT.(h)“w,'T:?—fFTﬁ;}
j<n m

2re A, B and C are (bounded) constants.
OF. From (2.1) and (2.2) it follows that

(i) ~ (1) (i)
6) Cn+1 = nt1 ITn (h) I,
, ~(1) _ (1) =2(1) e (i) ~(1)
e e ) oi= Ifn+1 fn+1l' From the definition of fn+1 and fn+1 and

)schitz condition on K with o = 0 it follows that

m

~(1) ~ ~ (L)
7) en+1 < AFn(xn+-9ih) + halL 221 en+1 ’




~% . -
e AFn(x) = IFn(x) —Fn(x)l and a = maxi,2 Iaiﬂl' From (2.7) we derive

~ (1) aLm
< =
ntl = AFn(xn+6ih) + hA max AFn(Xn+e£h) ’ A

3) — .

7e introduce the notation F:;(x) =g(x) +h ) ) wrif)K(x,xjg'e) ,f(X;z)))r‘ then

¢, h) = Fn(x) - F:;(x) and
AF_(x) = ly(x){f -£(x )} + {En(x)—v<x)§n(xn)}

- {F:(x)—Y(x)F;(xn)} = {E, Gum) Y (OB (x M) H -

zing e = |f -f(x )| we obtain
n n n
n m
(£) L) (&)
AF < h - . ° |K(x,x, £
LX) S v(xe + jzo Kzl IwnJ [+ Ix(x Xy 5 )
£y ) L) (£)

—\((x)K(xn,xj ,fj )—K(x,xj ,f(xj ))

+ y(x)K(xn,xé'e) ,f(x;Z))) | + |En(x,h) - Y(X)E_(x ,h) l.

1sing the Lipschitz condition on K with a = y(xn+ eih) =y and writing

-(i) _ _ (£) _ _
X 1= xn+9ih, W= max Iwnj |, Y = max v, = max leil,
nl]l'e i i
>btain
n
AF (x +8.h) < y.e + hIw{l-y, +y6h} 2 1.1+
n n i in i . j
3=0
J)
=(1) =(1)
+ (1—Yi) ’En(xn+1’h) | + Y9h|Dn(Xn+1,h) .

stitution of (2.9) in (2.8), and then (2.8) in (2.6) yields

n
(i) 2 2.
ety < {v;+ha yle + {hLW[1-y,+y6h] + h°LWa [1+y6h]} -Zo Hej .
10) J
(i)

n (h) |,

+ [1-Yi+hA1]iEn(xn,h)l + [1+hA1]Y6h|Dn(xn,h)| + |T




= (i) = (1)

ire IEn(xn,h)l = max, IEn(xn+1,h)L |Dn(xn,h)l = max, an(xn+1,h)|.
For i = m, (2.10) has the form
(m) v g =
= <
€ 41 = 4 S A2en + A3 -z IIejII°° + A4|En(xn,h)l + AShIDn(xn,h)
j=0
11)
m
+ ITI(1 Yy 1,
sre, as h > 0, A5 = (1) and
\
2 . _ :
A2 = 1+hAly, A1 # 0, A3 = 0 (%), A4 = 0(), if Yy = 1
A, < 1, A, = 0(m), a, = 0(1), if Y, < 1.
>lication of Lemma 2.1 yields the inequality
n A
e < ha 2 11 +ae + U h max |D. (x.,h) ]
n+1 5 . j e 60 1-y +0 (h) . 3
3=0 m j<n
12)
A
9 (m)
+ A_max |E,(x.,h)| + —————max |T. ' (h) ],
j<n J 1 Ym+0(h) j<n J

:re the constants Ai are uniformly bounded. Substitute the inequality

.12) for en into (2.10) to obtain

n
1) e E
en+1 < hAlO .X ej o T Alleo + A12 gax |E. (x.,h) ]
A A
13 - 14 (m)
.13) + h max |D.(x.,h)| + —m—/8——=—— max |T. ' (h)|
1-y_+0(h) jen 33 1=y _+0(h) jen-1 3

(1)
+ T, (.

From (2.13) it is easily verified that




le I < e I B
e iqle < hA Z el + Aoy + B, max |E, (x,,h) |
j=0 j=n
A13
L4) + T oy b max ID. (x.,h) |
UL O
A
14 (m) o
+ ——3+~ max [T, ()| + IT_(n)l_.
1 ym+0(h) j<n-1 n o
lication of Lemma 2.2 yields the result (2.5). J

The condition on K required in this theorem is satisfied if, for exam-
,» K and Kx satisfy Lipschitz conditions with respect to f. We then may

ce

* *
IK(x,y,f)—aK(xn,y,f)—K(x,y,f )+aK(xn,y,f ) |

| (1-0) [K(x,v,£)-K(x,v,£)]1 + o | K _(t,y,£)dt
X

L IRV

n
X
*
- a .[ K_(t,y,f)at]
X
X

n

IA

* *
(1—a)L1|f—f | + alx—xnlelf—f |

n which the condition in the theorem is immediate.
Furthermore, we shall now discuss the error bound (2.5) in more detail.

r, < 1, then 1—Ym4-0(h) = 0(1) and in this case

max hID,(x.+6ih,h)| < 2 max lE.(x,+9ih,h)|,
1<i<m J 1<i<m ]

that we can express (2.5) in terms of the quadrature errors Ej(x,h) and

1l truncation errors only.

o = 1, however, then 1—ym4-0(h) = 0(h) and the left-hand side of (2.5)
1. (m)
T,

J

tains expressions of the form Dj(xj+eih,h) and O(h— ) (h) . For most

jrature formulae, however, it can be shown that Dn(x,h) (which was defined




_(En(xlh)-En(xn,h))/(x—xn) has the same order of accuracy as En(x,h),
wided that the kernel is sufficiently smooth.
A disadvantage of the introduction of the modification (1.7) with

= 1 in a given Runge-Kutta method is the possibility of loosing an order

accuracy. This can be seen by the following heuristic argument.

Let us assume that |E, (x,h)| = 0(h%), lTém)(h)I = O(hp+1) and "%j(h)"m=
r+l > _ q p+1 r+l, . > _
7)) then e I =0 + 0™ ") + 0™ ) if Y, <landle I =

+
D+ 0w®) + ot if v = 1. If the lag term (1.3c) is used, then
(m)

(h)"w = ITj (h) | and hence r = p. Therefore an order of accuracy is lost
Ym = 1 and p+l < g. This result is corroborated by the numerical examples

Section 5.
STABILITY

Various equations of the form (1.1) have been taken as test equatiohs
the study of numerical stability. The test kernel K = Af was proposed by
ERS [17] in 1962 and only recently (1977) was an x-dependent kernel which
entially behaveé as K = (a+bx)f investigated [13]. A rather general
ss of separable kernels K = ZAi(x)Bi(y,f) for the study of stability was
'st proposed in [15] where also polynomial convolution kernels are dis-
sed. The most simple example of such convolution equations is given by

X
1) f(x) = g(x) + [ (A+u(x-y)) £(y)dy, AU € IR,
0

The papers mentioned above deal with a rather restricted class of me-
ds. Extensions to more general classes of methods have been presented in
umber of recent papers ([6], [5], [1] and [2]).

In this paper we consider the linear equation (3.1) since consideration
this equation is sufficient to enable us to establish some promising sta-
ity properties of the modified methods, in comparison with conventional
modified) methods.

Application to (3.1) of the y-modified Runge-Kutta method ((1.2) with

x) for En(x)) vields the equations




11

(1) _ ) ~ ~
fn+1 = g(xni-eih) Yig(xn)-+yifn-k(1-—Yi)In-+hu6iGn
(£)

m
2
-Fﬂzl aiﬂ{hk-kh u(diz-cz)}fn+1,

n m
~ ~ L) £)
2b) I (=1 :=h 1A -X. -cph) .7,
n n(xn)) jZO Ezl Y3 { +.U(Xn xj—l e )} J
n m
2c) En :=h 2 2 W(@)fgz).
j=0 £=1 ™ J

-> T = T T
e=1[1,...,11", v = [Yl,...,ym] ; 8 = [61,...,9m] and let AO and A1 de-

> the matrices whose entries in the i-th row and £-th column are aiﬂ and

: N _ 2 4 -1
(diﬂ_cﬁ)’ respectively, and define, with M = (I-—hAAO-h uAl)

ST >
3) R, = eiMe, S, =

>T > >T >
5 e, M0,

i i Ui = giMy, Vi = Ri-Ui, i=1(1)m.

3, Ri' Si' Ui and Vi are rational functions in the variables hA and hzu.

Ls then easily verified that we may write (3.2a) in the form
(i) _ ~ ~ .
1) £ = hyS,G_+ U,f_ + V,I_ + inh. term.
in i™n i'n

n+1

>articular, we have for i = m

5) £

hyS. G+ U £+ V_I_ + inh. term.
n+1 mn m n mn

>
Lce that for vy = YZ (i.e. Yi =y for all i, i = 1(1)m) (3.4) reduces to

£(1)

' = _ = ~ .
) opp = YRy + (I-Y)R;I_ + hus, G + inh. term

ce Ri and Si’ defined in (3.3), are independent of Y.

Relation (3.5) describes how the forward step (characterized by Sm’ Um

In

(£)
nj

V_), the lag term (i.e. E and E Y, and £ influence the wvalue £ .
m n n n n+l

following we shall consider different lag terms in which the weights w

>lay a special structure. Due to this structure it is possible to derive




~

ipled difference equations for values fn' I_ and G,- From these differ-

n
'@ equations Gn and In can be eliminated yielding a difference equation
terms of fn—values only. (These are the components we are usually interest
in, and stability of such a relation is called "full step stability" in
.) This elimination step is described in the following Lemma.

> ® > 1 M) T .
MA 3.1. Let {zn}n=o (zn = [zé ),...,zé )] ) satisfy the system of differ-
‘e equations with constant coefficients
(3) _ (1)

Tij(E)z =g i=1(1)pM,

6) n+l-k n+l’

| =~

j=1
re Tij is a polynomial of degree at most k, and where E denotes the for-

(

d shift operator. Then each component {an)}:—o satisfies a difference

1ation of the form

(i) _ (1)

X TEYZ L 1xm ~ Fnt”

i=1(01)nm,

re géii (3)

has the form ZUij(E)gn+1

for some polynomial Uij and
.8) T(E) = det(Tij(E)).

YF. The proof is based essentially on a formal application of an elimina-

m process. It is perhaps best illustrated for M = 2. For M = 2 the system
ilds (with n replaced by n-k)

(1)

(2) _ (1
Zn+1-2k

Tyq (B n+1-2k ~ In+i-k ’

11 *

T12(E)Z

(1) (2) _ (2)

Tor @2 o ¥ T ® 2 o T Jnrix

21

order to eliminate {z(z)} we apply T22(E) to.the first equation, andle(E
n

the second, and subtract to obtain

(1) (1) (2)

{1y YTy (B) =1y (B) Ty (B Rz 1y o = Top(Bdg Ly 4 ~ Ty B L0 o




13

h is of the form (3.7). A general proof arises on writing T(E) =
(E)], Z(E) = [Oij(E)] and defining I(E) := adj(T(E)), the classical ad-
t. Then Z(E)T(E) = T(E)I and (3.7) may be deduced from (3.6). O

A caveat in the interpretation of Lemma 3.1 is appropriate, since if

and cij(E), j=1,...,M, have common factors then (3.7) is a recurrence
igher order than necessary, and its characteristic equation has unwanted
S.

An important corollary is:

JLLARY. Let the vector {zn} satisfy the system of difference equations

(i )}

), and let {z satlsfy the scalar difference equation (3.7). Then

=0
characterlstlc equations associated with these difference equations are

itical. 0

(1)
n+l-k
e relation (3.7) if T(E) is a Schur polyncmial. (We observe that one

This corollary tells us that the values z satisfy a stable recur-
1d check whether (3.7) is of sufficiently low order.)

Returning to the equation (3.5) we shall now derive the difference equa-
s for ;n and En for three different choices of the lag term. Application
he Corollary then yields the characteristic equation associated with the
‘erence equation satisfied by {fn}:=0' For a discussion of the character-
c equation as a tool in the stability analysis for integral equations we

r to [6].

Extended Pouzet methods

In this case fn = En + g, S° that (3.4) yields

(l)

" n+1

= R.f + huS.G_+ inh. term
in in

.+
‘e Ri is independent of y! In addition, we have, in view of (1.3a), that

_ (ﬂ) _ .
net ~ G =B 2 anpfney = (using (3.9))

(Y
4

* 2 %k~ .
hR £ + h uS G + inh. term
m n mn




* _ m * _ m U .
ere R.m = z£=1 amKRK and Sm = z£=1 amKSZ' Taking i = m in (3.9) we arrive
the equations

£ =Rf +huS G + inh. term
n+1 mn mn

.10)

~

~ * 2 *~
G -G ,=hR f 4+ h uS G + inh. term.
n+1 n m n mn

om these equations Gn can be eliminated to obtain a difference equation
terms of fn only, whose characteristic equation is, after application of

mma 3.1 given by

2 2 * 2 x % _
.11) " - (Ry+1+h%ws )z + {R +h"n(RS -RS)} = 0.

£)

2. Mixed Runge-Kutta methods using intermediate values fj in the lag ten

In this case the lag term is defined by (1.3b). We derive the following

fference equation for En.

14
14

To. W
G, -G =h £Z1 a_pf 1 = (using (3.4))

.12)

hi £ + h¥ T + h%p§ & + inh. term,
mn mnn mn

axre U = za U, and similar definitions for 5 and S . For I we derive
m ml £ m m n

(£)
n+1

|
]
I

m
ntt - I, =huG_ +h KE ap{A+un(l-cy) £

.13)

huG_ + hU £ + hV I+ h2uS & + inh. term
n mn mn mn

ire Um = 2 amz{Ai-uh(l—cz)}UK and similar definitions for Vm and Sm’ The
ference equations (3.12) and (3.13) together with (3.5) yield a system
difference equations, and the characteristic equation of the difference
lation satisfied by'{fn} can be found by application of:Lemma 3.1 (with

: 3).
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. Mixed Runge-Kutta methods using only values fj in the lag term

.1. {p,0}-reducible quadrature rules

The lag term is now defined by (1.3c) so that the expressions (3.2b)

(3.2c) become

the present we assume that the quadrature formulae based upon the weights

are (p,0)-reducible (see [19]), i.e. we assume that

0(1)n-k-1,
14) )

r=0

k {O for j

aw .
r n-xr,j

b . for j n-k(1)n.
n-j

re a and b are the coefficients of a LMS method for ODEs, and where

r r
) = Zarck L and o(o) Zbrck—r, With this assumption we can derive the

Il

ference equations

15a) = h

| o~1 R
02
1R

S ntl-r brfn+1—r

a1
@]

r=0
k k

~ ~

2
15b + - E
) b {h)\ rh 'Ll}f 1 hu ra G

o~ R
|

a I = )
=0 r n+l-r =0 r n+l-r

lication of Lemma 3.1 to (3.15a-b) together with (3.5) yields the charac-

istic equation

k-1, 2
- o (@ (z-u ) - hAv p(D)o(z)
16)
2 2 -
- hwv Lo (g)o, (2) - p,(@o(@] - h usmp(C)O(Z;)} =0
re pl(;) = Zrargk_r and 01(5) = Erbrck—r. For the special case that ? =€
e. v, =1 for i = 1(1)m) Vi = 0 and (3.16) reduces to

1

16y @@ -u) -h’us 0@} = o.




.observe that for this special case the equation (3.16') has a factor p(Z)
®@ presence of this factor is a consequence of the generality of the analy-
s, and it indicates that the analysis can be simplified to obtain (3.16"')
thout the factor p(Z). In order to see this we look at (3.5) and observe
at we do not need the recurrence relation (3.15b) for En since Vm =0.
olication of Lemma 3.1 to (3.5) and (3.15a) then yields (3.16') without the
ctor p (7).

3.2. Block-reducible quadrature rules

In Section 3.3.1 we assumed the (p,0) -reducibility of the quadrature
-s. We now extend these results by considering quadrature rules which
2 block-reducible. That is, we assume that the weights wnj can be parti-

>ned into matrices an (with an = 0 for j > n) such that

0 (1)n-k-1,

?
I

.17) ) AV 1
B

n-k(1)n,

.
Il

. . . k > >
are Ar and Br are fixed matrices (with zr—O Are = 0; see [1], where exam-

2s are also given).
We further restrict attention to the case where each matrix Ar is dia-

r1al (AO==I). It may be noted that all the quadrature rules considered in

] have weights which can be partitioned so that A, = I, A, = -I, Ar =0,

0 1
2(1)k. We suppose that the matrices Ar and Br are of order M and we write

>
T
18) lpn - [an+1'an+2'”"an+M] ! Emir = f(ng+r) !
that, for example, the quadrature method applied to (1.5) yields vectors
> N n >
. . - + .
satisfying wn 9, hA Zj=0 anwj
We shall employ the following lemma.

IMA 3.2. Let the assumptions of this section prevail and Suppose that

> o #
19) o =h ) [V _.*K
. nj n

>
U
n 3=0 =J q)J'
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.1..
e * denotes the Schur (or pointwise) product and Kﬁ—j is the matrix with

~jes N, + Al((n—j)Mh-F(Z-m)h) in the (£,m)-th position (£L,m = 1,2,...,M).

0
1
K k .
20) Y aAAgs -h J arex" W )
_, s ron-r-s s r r-s 'n-r-s
r,s=0 r,s=0

JF. Writing (3.19) in more explicit form we have

n

G_ = hA % vy, +n2, ) (- v
n 0 5=0 nj'Jj 1 =0 nj'j
n >
+r2, Y (v .-V _.D)Y.,
1 5=0 nj nj " J

e D = diag(1,2,...,M). We now find, employing (3.17), that

o
~

k

zo (n_])MArVn—r,j

-S>
g B ¥ + h2A
Y n-r

21) Y A
=0 r n-r 0 =0

>
Y5

o~ 3

1l
=g
=

| o~
(@)

1

.

k

2 rMA V

=0 r n-r,]J

< ¥

3

1
jup
N
=
I~ 8

.
o

k

L A OV _ .-V D)V
r=0 'j l] J

+
oy
=

N~ B

(SN
o

rMB {

o

->
IMArV
0

| £~1

R
0r n-r,Jj J

k ->
+h“A, ) (DB_-BD)Y___.
r r n-r
r=0
2, we have used the fact that the matrices Ar are diagonal and hence com-

2 with D. Applying ZAS to successive equations (3.21) yields

We define the Schur product A*B of the matrices [aij] and [bij] as the

matrix [a..b..].
1ij 1]




k k - 2 k -
) =hA, ) +h°\, ) A By
S ¥ n-r-s 0 S ¥ n-r-s 1 s r n-r-s
r,s=0 r,s=0 r,s=0
k
+
- h2A X rMA B ¥
r s n-r-s
r,s=0
k
+n%r, Y a_ (0B _-B.D)Y
1 : s’ r ‘r "‘n-r-s'
r,s=0
pi3
ich, when expressed in terms of K;_ , 1is the required result. O

Establishing our notation and the above lemma has been preliminary to
r task. We return to equation (3.5) from which we deduce, in terms of
.18)

. ~ ~
nM+2 CoM+1 ToM+1
>
.22 : = : + : + .
) : husm : vm . Umwn
£ MM+ G MM M

>
designate the left-hand side vector in (3.22) by ¢n’ and the sum of the
rst two terms on the right-hand side by gh so that (3.22) becomes

. > > ->
. = + .
22') ¢n °n Umwn
>
reover, if we take A, = huS + AV_ and A, = V u then 0 coincides with
0 m m 1 m n
.19) in the statement of Lemma 3.2. Taking these values of AO and A1 in the

finition of Ki we have, from (3.20)

k k .
Y aag =n ) a[B" W .
S r n-r-s S r r-s 'n-r-s
r,s=0 r,s=0
consequence, from (3.22')
k N k k N
.23) Y AA¢ =h J areasx" Ty +U Yy AAY
S r'n-r-s S r r-s 'n-r-s m S ¥ n-r-
r,s=0 r,s=0 r,s=0

remains to observe that if
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0 veunn 0 0 . 01
4) J = 1\\2, J#=: 2(.)
0 1°0 0... 00
- -> e
5) wn = J¢n + J ¢n_1

that substitution of (3.25) in (3.23) yields a recurrence relation for

- -
vectors ¢n. Thus we have shown that the vectors ¢n = [an+2,an+3,...
T . .
an+M+1] , satisfy, under the assumptions of Lemma 3.2, a recurrence

tion whose characteristic equation is given by

2k-r-s

k k 7
# 1 = o.
r—

6) getl } a_ ] {a_z - [hB *K

+U A ][Jc+-J#]}C
S m Y
s=0 r=0

that for M = 1 the result (3.16) is obtained as a special case of (3.26)

s # _ _ .
riting Kr— (hpsma-xvm) + uVm(r—s)h, Ar = ar, B = br and defining

S r

(0) and J% = (1).

The special case pu = 0 and Yi =Y

If 4 = 0 the convolution test equation reduces to the basic test equa-
(1.5). In this case the characteristic equations derived in the previous
can be factorized, which indicates that the analysis can be simplified
fact, we do not need the recurrence relations for En). Furthermore, we
me that ? = yZ so that we can use (3.4') with Ri = g?(I-—hAAO)_lg; in
icular Ry (h)) represents the amplification factor of the RK-method for
(see e.g. [16]). Below we give the characteristic equations associated
. the three classes of methods discussed in the previous §8. These char-

ristic equations with y = 0 can also be found in [1]. For the extended

et methods we obtain
'7) zt - R =0,

for the mixed methods of §3.2.




m
2 -
28) £ - (1+yR_+ (1-7)h) 221 3 pRpIT + TR .

The mixed methods of §3.3 yield

29) (C'-YRm)p(C) - hl(l-Y)RmG(C) = 0.

e that for y = 1, (3.28) and (3,29) can be simplified to yield (3.27). In

next section we shall analyze the equation (3.29) for y # 1.

STABILITY RESULTS

. Results for the basic test equation

In analogy with the stability theory for ODEs, a numerical method for
1) is said to be A-stable if, when applied to (1.5) with g(x) constant,
» solution fn tends to zero as n + « for all values of the step size h and
"all A € € with Re A < 0. It is easily seen that A-stability is equivalent
asymptotic stability of the discrete scheme when Re (hA) < 0 and is obtain-
precisely when the zeros of the characteristic polynomial are within the
t circle. We shall call the method weakly A-stable if these zeros are on
unit disk, those on the boundary being simple roots. The following theo-
| gives us an important result for the modified methods with ? = Z already

tioned in the introduction.

OREM 4.1. Consider a general Runge-Kutta method (l.2a-b) which is modified
ording to (1.7) with Yi =1((i=1,...,m). Then the method is (weakly)
table if and only if the generating Runge-Kutta method defining the for-
d part is (weakly) A-stable for ordinary differential equations.

OF. From relation (3.4') which holds for a general lag term (1.2b), the
ult of the theorem is readily seen. Here, weak A-stability for ordinary

ferential equations is defined in a similar manner as above. gd

The next theorem states necessary conditions for A-stability in the

k sense.
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REM 4.2. Consider a mixed Runge-Kutta method (1.2a-b) which employs (p,o)-
cible quadrature formulae for the lag term (1.3c), and which is modified
rding to (1.7) with Yy =Y (i =1,2,...,m), vy € [0,1). Let the amplifi-
on factor Rm(z) = P(z)/Q(z) , where P and Q are polynomials, and where
hA. Then necessary conditions for weak A-stability are

IR (2)] = 0(1/1z]) as |z] + =,

Q(z) has no zeros in the half plane Rez < 0,

) P(z) has no zeros in the half plane Rez < 0.

F. Observe first that the coefficient of Ck+1 in equation (3.29) is
cendent of z. If Rm(z) or sz(z) is unbounded, then the polynomial (3.29)
at least one unbounded coefficient. This implies that (3.29) has at least
unbounded root. This proves (i) and (ii). Next we prove (iii). We observe
the zeros cl(z),..,,ck+1(z) of (3.29) can be interpreted as the valges

n algebraic function. Let P(zo) = 0 with Re z < 0. Then Rm(zo) = 0 and

)) reduces to Zp(z) = O which has a root Cl(zo) = 1, Now Cl(z) is a
ch of an algebraic function which is analytic in a neighbourhood of ZO'
. = {zl lz—zol < €} be a small circle around the point Zg which is con-
2d entirely in the left half plane Rez < 0. Application of the maximum
ciple for analytic functions yields that |C1(z)| > 1 for some z with

3I = ¢ or that cl(z) must reduce to a constant (= 1) on Ca' However,

) 21 on Ce implies that Rm(z) =0 on CE which is not true. Hence, we
shown that there exists a point z with Rez < 0 such that (3.29) has a

greater than unity which implies that the method cannot be A-stable. [

The following Corollary is a consequence of the condition (iii) in Theo-
1.2 and indicates that high-order mixed Runge-Kutta methods cannot be A-

le.

JLARY. Consider the methods treated in Theorem 4.2. Let the amplification
r Rm(z) be BA-acceptable and a p-th order approximation to exp(z). Then

nethod is not A-stable for p = 3.

?. The order star associated with Rm(z) has at least [(p+1)/2] - 1 bound-
1al fingers in the left-hand plane Re z < 0 (see the proof of Theorem 5

ANNER et al. [20]). This implies (see Proposition 4 in [20]) that Rm(z)




s at least [(p+1)/2] - 1 zeros in the left-half plane. Therefore condition

ii) of Theorem 4.2 is violated. 0

Let us now consider the case that A assumes only real values. A numeri-

L method is said to be weakly A -stable if, when applied to (1.5) with.

0
k) constant, the solution fn remains bounded as n » «» for all values of
2 stepsize h and all X ¢ R with A £ 0. This condition is equivalent to

ability of the discrete scheme when Re(h}) < 0.

IOREM 4.3. Consider the methods treated in Theorem 4.2. Let the amplifi-
tion factor R (x) = P(x)/Q(x) with P(0) = Q(0) =1 and x = hA € R . Then
ressary conditions for weak Ao—stabilitg are

IR G| = 01/1xD) as Ix| > e,

) 0Q(x) has no zeros for x < 0.

.1) P(x) does not change sign for x < 0, i.e. P(x) = 0.

OF. The proof for (i) and (ii) is the same as for Theorem4.2. For (iii) we
ison as follows. Since Q(x) > 0 on (-~,0) and P(0) = 1, we know that
k) 2 0 if P(x) does not change sign on (-~,0). Suppose that Rm(x) changes

jn at x = XO with x0 < 0. Then Rm(x) has a zero at x = XO’ and if u is the

Ltiplicity of that zero then u is odd. Since Rm(xo) = 0, the equation
.29) reduces to Zp(Z) = 0 which has a root ¢ = 1. By (repeated) differen-

ition of (3.29) with respect to hA, and using the fact that Rm(xq) = ... =
1-1) _ (W) . :
(xo)-—O, Rm (xo) # 0, we derive that
- I S | S (w) u+1
t(x) = C(xo) + m (x xo) (1-y)x R ).

oRn (xo) + 0((x—x0)

(u)

\ce C(xo) =1, Rm (xo) # 0 and y odd, we can always find an x sufficiently

)yse to x0 such that z(x) > 1, which implies that the method cannot be AO—
ible. []

We conclude this section on the basic test equation by listing the
bility boundaries of a number of mixed Runge-Kutta methods (the stability
indary B is defined by the interval -B < hA < 0 where the characteristic
ts £ (hA) are on the unit disk, those on the unit circle being simple
ts). In Table 4.1 the lag terms in these methods are defined by specify-

I the characteristic polynomials {p,0}, and in Table 4.2 we give the vec-
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>
® and the matrices AO' A, associated with the Runce-Kutta parts used. De-

1
ng the functions Um' Vm and Sm defined according tc (3.3), and substitu-

of {p,o0} and {Um,Vm,Sm} into (3.16) yields the characteristic equation

Table 4.1. Lag terms defined by {p,o}

k p(T) o(g)
d order Gregory rule [4] 2 z(c-1) (5C2+82—1)/12
ezoidal rule 1 -1 (z+1)/2
d order backward 3 (11C3-18C2+9C-2)/11 6C3/11

erentiation formula [19]

1e various mixed Runge-Kutta methods. In Table 4.3 the stability bound-

> > ->
€

- - ->
s for the basic test equation are listed for y = 0, vy = and vy = €,

1
actively. We also include the stability boundaries when the lag term is
ined with the one-step Runge-Kutta part defined by the forward and back-
Euler formula and the trapezoidal rule. (In the following a particular
a-Kutta method will be indicated by specifying first the lag term and
the Runge-Kutta part.)

From the data of Table 4.3, the stabilizing effect of ; = Z is evident.
hould be remarked, however, that the ; = Z version of the method may

+
€1 the methods in

3 4.3 are economized, except for the Ngrsett formula where 61 #0

Table 4.2).)

1
_).
a smaller stability boundary. (Recall that if vy =

The result 8(85 = 2 obtained for the trapezoidal rule when mixed with
repeated trapezoidal rule for the lag term, is surprising at first sight
use it is well-known that the trapezoidal rule when used as a direct
rature method is A-stable (see e.g. [6]). Although both representations
produce the same numerical solution if exact arithmetic is used, differ-
numerical solutions are obtained in the actual computation on a finite pre-

on computer. In Table 4.4 this is illustrated for the integral equation




ts 1) f (%)

.th the exact solution f(x)

1+ 100x + e %

sinx - [100 + e *cos (vE(y)) 1f(y)dy

|

1.

—+
Table 4.2. Runge-Kutta parts defined by 6, AO and Al

->
6

AO A_l
0 0 0 0 0 0 0 0 0
1ird order 1 1 0 0 0 1/2 0 0 0
21" tyukov 1/3 1/9 2/9 0 0 1/18 0 0
), p.148] 1 0 1/4 3/4 0] 0 0 1/2 0,
0 0 0
1ird order 0 0 0 0
swwton—-Cotes [14] 1/2 1/4 1/4 0 1/8 0 0
1 1/6 2/3 1/6 1/6 1/3 0
. 3+/3 33 0 0 0 0 0
1ird order 1 1 1
- - = | - 12 0 0
(rsett = |3 V3 = 23 3+/3 0 . )
1, p.150] 6 3 3.0 9-3/3 9+3/3 0
- -> > > -> ->
Table 4.3. Stability boundaries B(y) for vy = 0, vy = €y and Yy = g
LAG TERM
Runge-Kutta Trap, Rule Gregory Backw, diff.
t > - - > > - -+ - >
pax B(O) B(e,) B(E) B(0) B(,) B(e) B(O) B(£,) B(e)
wrward Euler 1 1 2 1 1.2 2 1 .9 2
‘ap. Rule 2 o L 2 o ® 2 6.6 L
.ckward Euler ® o o ® o o © o o
1" tyukov 1.6 1.3 2.5 1.6 1.3 2.5 1.6 1.3 2.5
wton-Cotes 5.6 2.4 12 . 2.4 12 . 2.4 12
rsett .2 8.5 L 2.2 4.8 L 2.2 3.5 L
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s 4.4. Numerical solution of (4.1) obtained on the CDC CYBER750 for h=1/10.

X Mixed Method (4.2) Direct Method (4.3)

.2 1.000001... 1.000001...
1.0 .999998... .999998. ..
1.6 .99%. .. .999998...
1.9 .95...
2.0 .79... .
2,1 -.04...
2,2 -4.2... .
2,3 -25.1... .
2.4 -129.8... .999998. ..

acall that the "mixed" representation reads

(1) nll
fn+1 = g(xn) + h .Z K(Xn'xj'fj)
j=0
nll
) fn+1 - g(Xn+1) *+h Z K(Xn+1’xj’fj)
3=0
1 (1)
* 2 h[K(Xn+1'xn'fn+1) + K(xn+1'xn+1’fn+1)]
the "direct" representation simply
n+1,
) £, =9 ) +h jzo K(x %5065 -

rding to Table 4.3 and Table 4.4 as well, the direct representation is
le, whereas the mixed version (4.2) is unstable for this stepsize (the

phenomenon occurs for the basic test equation).

Stability plots for the linear convolution equation

For the convolution equation (3.1) the stability regions (that region
2
he (hA,h"u)-plane where the characteristic equation has its roots on the

disk with simple roots on the unit circle) were computed for a number




Figure 4.1. Gregory-Bel'tyukov

Figure 4.3. Gregory-Newton Cotes

50
AN

Figure 4.5. Gregory-Ndrsett
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2

Backw. diff. - Bel'tvukov

Figure 4.2.

4.4, Backw., diff.--Newton Cotes

Ticure

-12.5

Figure 4.6, Backw, diff. - Ngrsett




‘mixed Runge-Kutta methods specified in the Tables 4.1 and 4.2. In the

. . > > - -
jures 4.1 - 4.6 these regions are given for vy = 0 (///), vy = €, (l|]) and

r ? =& (\\\) . The values given in these figures refer to thelpart of th
A,hzu)—plane to which the stability plots are restricted.

In these figures we see that except for the Gregory-Ngrsett method
ig. 4.5) the stability regions corresponding to ? = ZAcontain those cor-
sponding to the standard method (?==3) or to the economized version (¢=
d are considerably larger. In figure 4.5 the ? = 21 method is stable
ere the modified method is not but this has no practical significance.

Furthermore, we may conclude that just as in Table 4.3 the Runge-Kutt

rt mainly determines the magnitude of the stability region and the lag t

less important.

NUMERICAL EXPERIMENTS

In this section we report on numerical experiments with mixed Runge-

tta methods and their modification employing residual corrections. The p

se of these experiments is to verify the order of convergence expected f
2orem 2.1, and to indicate the relevance of the stability results obtain
Section 3 and 4.

In the accuracy experiment, we have chosen the following mixed Runge-
tta method of Pouzet type, where the forward step is given by the two-st
ird order Radau formula (see LAPIDUS and SEINFELD [16, p.62]).

o 0 0
§ = r0,2/3,11%, Ao =|1/3 173 of .
1/4 3/4 0

d where the lag term (1.3c) was computed by the Gregory-rules of order 4
r the classical (?:3) and economized (?=Zl) method the expected order
curacy is p = 4, whereas for the modification with ? = Z-it is p = 3. Fo
ese choices of ? we have applied the method to the equation

X
1) £(x) = g(x) - J____g____ £(y)dy, 0
0

IA
w

IA
)

(x—y+2)2
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kernel in the equation (5.1) occurs in the study of the reflection of
1d pulses (see FRIEDLANDER [10]). In order to have the exact solution at

1. We have inte-

it

I, we have chosen g(x) = 2 - 2/(x+2) which yields f(x)
:ed the problem (5.1) with stepsizes h = 0.1, 0.05, 0.01 and 0.005. In
. 5.1 the number of correct digits (defined by cd = —1Olog absolute error)
: = 2 and the computed order p* is listed (p* = [cd(h)-—cd(Zh)]/lologZ).
results confirm the theoretical result given in Theorem 2.1. Notice that
economized version (¢=?Zl) yields the same results as the standard ver-
1 ($F=6). The stabilized version is considerably less accurate in this
-stiff example.

In the following experiment we have apvlied the third order Ngrsett
mla mixed with the third order Gregory rule (see Section 4.1) to the

:gral equation (5.2):

.e 5.1, Number of correct digits at x = 2 and computed order for problem (5; 1)

> > > > > >
y=20 Y =gy Y =€
* * *
cd o) cd jo) cd j9)
6.1 3.7 6.1 3.7 4.6 3.0
’ 7.2 3.7 7.2 3.7 >-5 3.0
L 9.8 4.0 9.8 4.0 7.7 3.0
)5 11.0 11.0 8.6
x
2) f(x) = g(x) - f [16+(x-y) 1[1-0.01exp (-x) cos (yf(y)) 1f (y)dy.
0

1g(x) =1+ 16x + 1/2 x2 - 0.0lexp(-x)[1 - cosx+ 16 sinx] the exact solu-

1 0of (5.2) is f(x) = 1. The kernel in (5.2) deviates only slightly from
linear convolution test equation (3.1), and therefore, it is expected

t the stability regions given in Fig. 4.5 can be used in a quantitative
1er to predict stable or unstable behaviour. The problem (5.2) was inte-
ted with stepsizes h = 1/2, 1/4, 1/8, 1/16 and 1/32; the endpoint was 128h.
n Fig. 4.5 we expect the modified ($}=Zd method to be stable for all step-
»>s considered and the classical (¢?=6) version only for h # 1/2, 1/4. The




uth is given in Table 5.2 where we have listed the number of correct dig

the endpoint xe = 128h. (An asterisk indicates that the absolute error

+10
rger than 10 .) These results indicate that the modified method is rea

ble 5.2. The number of correct digits
at xe = 128h for problem (5.2).

l xe 7-0  3-2
2 64 * 3.4
4 32 * 3.2
8 16 4.5

16 8 6.1 4.0
32 4 7.2 .

ghly stable but also that its accuracy is rather modest. If one decides
se a computer program on the modified methods it seems desirable to have
me strategy which makes an appropriate choice between the more accurate
andard method (for nonstiff problems) and the more stable modified metho
or stiff problems). However, to justify such a strategy one has to be su
at the behaviour shown in Table 5.2 is also typical of problems which do
t resemble the model problem (3.1).

Our first "non-model" problem is a nonlinear convolution equation wit

creasing stiffness as x increases:
X

.3) f(x) = 17(exp(x)-1) - [ (le+x-y)exp (f(y))dy
0

th the exact solution f(x) = x. Applying the Gregory-N@grsett method, we
tained the results listed in the Tables 5.3 and 5.4 showing the higher
curacy of the standard method for small h and the increased stability of
e modified method for larger values of h.

Our final problem is a nonlinear, non-convolution equation given by

.4) f(x) = [1+(1+x)exp(-10x) 1" 1/2 + ——-(1+x)[10£n(1+x)+1 -exp (-10x) ]

IA

10.

X

1+x

-2 f 1+y f (y)dy, 0 <x
0
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Table 5.3. The number of correct digits for problem (5.3)

>

=0 x=.5 1.0 1.5 2.0 2.5 3.0 3.5
1/4 0.9 -0.1 -1.2 * * * *
1/8 1.4 0.4 0.5 * * * *
1/16 2.7 1.8 0.6 0.2 -1.7 * *
1/32 ~ 3.9 3.4 2.5 1.0 0.9 -0.9 *

e 5.4. The number of correct digité for problem (5.3)

x=.5 1.0 1.5 2.0 2.5 3.0 3.5
0.9 0.7 0.5 0.3 0.0 -0.2 -0.4
1.6 1.4 1.1 0.9 0.7 0.4 0.2
2.3 2.0 1.8 1.5 1.3 1.0 0.8
3.1 . 2.4 2.2 1.9 1.7 1.4

fhe exact solution f(x) = [1+(1+x)exp(—10x)]1/2. We considered the
es X =1, 10 and 100 in order to make this problem increasingly stiff.
A =10, (5.4) is the frequently quoted equation of DE HOOG and WEISS
In order to avoid the computation of the initial phase of the solution
omputed the integral over [0,1] exactly and started the integration at
1. The results obtained with the Gregory-Ngrsett method are listed in
e 5.5 and indicate that the methods (? = 3 and ? = Z) have the same be-

our as in the case of convolution kernels.




ble 5.5. The number of correct digits at x = 10 for problem (5.4)

A =1 A =10 A = 100

-> > > >

v=0  y=¢ Y=0  ¥=¢ y=0  y=¢
2 3.6 3.3 x 1.8 x x
! 4.8 4.0 x 2.6 * x
3 6.0 . * . * *
16 7.1 : 5.3 3.9 x 2.7
32 8.2 : 6.6 4.7 + 3.3
EXTENSIONS

To conclude this work we indicate briefly some topics of further interes

Concerning convergence, it will be observed that the use of (1.3a) or
- (m)
= f

+1 - o which is

.3b) may correspond to superconvergence in the values fn
: revealed by application of Theorem 2.1.
Concerning stability, we recall that it is possible to consider test

lations of the form

X R
1) f(x) = g(x) + f { Z Xr(x—y)r}f(y)dy
0 r=0

place of (3.1), or to extend consideration to non-convolution kernels in
ch there is polynomial dependence on x (cf. [2], [15] and [181). In [2]
tain unmodified methods have been analysed for the equation (6.1) and the
sent authors have adapted these results to include modified Runge-Kutta
hods considered here. These extensions are in preparation and will be

lished in the near future [3].
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